Abstract: This paper proposes a numerical approach for finding an optimal control based on wavelet functions for vibration reduction of a base-isolated building subjected to actual earthquakes. The objective is two-fold: (1) to find a computational method using properties of Haar functions, and (2) to calculate controller gains approximately by solving only algebraic equations instead of solving the Riccati differential. Simulation results are included to demonstrate the validity and applicability of the technique.
INTRODUCTION
Vibration control has emerged as an important area of scientific and technological development in recent years. Developments in vibration control have allowed successful application of the concept in numerous areas. A variety of control techniques, such as LQR control, sliding mode control, backstepping control, 2 H control, ∞ H control, guaranteed-cost control and multi-objective control have been used in vibration systems (see for instance [1] - [5] ). Many papers analyze numerical methods for finding an efficient algorithm to calculate a vibration control using the feedback loop approach which is based on the instantaneous knowledge of the system states. Specifically, in the field of dynamic systems and control, orthogonal functions-based techniques of analysis, identification and control have received considerable attention in the recent years. This is evident from the vast amount of literature published over the last two decades [6] . The various systems of orthogonal functions may be classified into two categories: (1) piecewise constant basis functions such as Haar functions (HFs) [7] - [8] , block pulse functions [9] and Walsh functions [10] , and (2) orthogonal polynomials such as Legendre, Laguerre, Chebyshev, Jacobi, Hermite along with sinecosine functions [11] - [12] . It is noting that the main characteristic of the piecewise constant basis functions is that these problems are reduced to those of solving a system of algebraic equations for the solution of problems described by differential equations. Thus, the solution, identification and optimisation procedure are either greatly reduced or much simplified accordingly [13] - [15] . However, the problems considered so far for orthogonal functions-based solutions include response analysis, optimal control, parameter estimation, model reduction, controller design, and state estimation. They have been applied to linear time-invariant and time-varying systems, nonlinear and distributed parameter systems, which include scaled systems, stiff systems, delay systems, singular systems and multivariable systems [16] .
In the sequel, we apply the HFs to the finite-time optimal control problem of the base-isolated building. Mathematical model of the structure is presented. Moreover, the properties of HFs, Haar integral operational and Haar product operational matrices are given and are utilized to provide a systematic computational framework to find the optimal trajectory and finite-time optimal control of the vibration system approximately with respect to a quadratic cost function by solving only the linear algebraic equations instead of solving the differential equations. One of the main advantages is solving linear algebraic equations instead of solving nonlinear Riccati equation to optimize the control problem of the vibration system. Numerical results are presented to illustrate the applicability of the technique. The rest of this paper is organized as fallows. Section 2 introduces properties of the HFs. A dynamic model of the vibration structure is provided in Section 3. Algebraic solution of the system is given in Section 4 and development of optimal state trajectories and optimal vibration control by HFs are presented in Section 5. Simulation results of the vibration system are shown in Section 6 and finally the conclusion is discussed. 1.1. Notations. 
HAAR FUNCTIONS
The oldest and most basic of the wavelet systems is named Haar wavelet, whose functions are given by 
The integration of the vector
where the matrix m P represents the integral operator matrix for piecewise constant basis functions on the interval 
On the other hand, the product of two vectors ) t ( m Ψ is also evaluated as
where ) t ( R m satisfies the following recursive formula [17] 
SYSTEM DESCRIPTION
Consider an uncertain n-story building whose base is isolated, as shown in Figure 1 . The base is isolated by means of a frictional (passive) damper, Φ, and a control device with semi-active control input ) t ( f . Assume that the system is perturbed by an incoming earthquake. The structure dynamics can be divided into two subsystems, namely, the main structure ( r S ) and the base ( c S ) [18] . (10f-h) Due to the base isolation, the movement of the main structure ( r S ) is very close to the one of a rigid body. Then it is reasonable to assume that the inter-story motion of the main structure will be much smaller than the absolute motion of the base. Consequently, the following simplified equation of motion of the first floor is obtained: The following propositions about the intrinsic stability of the structure will be used in formulating the control law [18] . The main objective of the controller design is to generate an active control force ) t ( f that reduces the absolute base displacement such that the base isolator can work safely in its elastic region. In order to design an ∞ H controller, we express the dynamics of the base (1b) and the first floor (1i) by the equations of the form
is the state vector.
SYSTEM EQUATIONS
The problem of solving the differential equations of the system (11) 
Now by integrating the system above in an interval [ ]
To avoid the differentiation of HFs, we take again the integration of (13) [ σ as follows: 
Therefore, using the HF expansions (15), the relation (14) becomes For calculating the matrix X , we apply the operator (.) vec to Eq. (18) and according to the property of the Kronecker product, the following algebraic relation is obtained (20), (21) and the properties of the Kronecker product, the solution of the system (11) is approximately
OPTIMAL CONTROL DESIGN
The control objective is to find the optimal control ) t ( f with respect to a quadratic cost functional approximately such acts as the active force to compensate the vibration transmitted to the structure. The quadratic cost functional weights the states and their derivatives with respect to time in the cost function as follows: 
Normalizing (24) with the time scale
From (15) x σ after its expansion in terms of HFs, we read
(27) Remark 1. By substituting
and using (4), we read m 0 P X X X = − . Then, by applying the operator of (.) vec and according to the properties of Kronecker product, we obtain
(29) By substituting the definition (26) in (29) and using the properties of the operator (.) tr , the cost function (25) is given by Using the properties of the Kronecker product, we can write (30) as ) are plotted in Figure 5 . It is clear that by increasing the resolution level j the accuracy of the approximation can be improved as well.
CONCLUSION
This paper presented a numerical method to find an optimal vibration control based on Haar functions (HFs) for a baseisolated building. Utilizing properties of HFs, a computational method to find control gains was developed. It was shown that the optimal state trajectories and optimal vibration control are calculated approximately by solving only algebraic equations instead of solving the Riccati differential equation. The simulation results were included to illustrate the validity and applicability of the proposed technique. 
